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Abstract

Four types of static tensors can be distinguished ac-
cording to their parity with respect to space inversion
and to time reversal. However, all magnetic point
groups belonging to the same (oriented) Laue class
consist, apart from inversions, of the same proper rota-
tions. Tensors differing only by parities transform
identically under the same proper rotations; their trans-
formation properties under different groups of the same
Laue class may therefore differ only by an additional
change of sign, which depends on the tensor parity and
on the way in which inversions are combined with
proper rotations in a given group. It is shown that, for
a certain natural choice of typical representations of
magnetic point groups of the same Laue class, it is
sufficient to calculate tensorial covariants (symmetry-
adapted tensorial bases) of even parity with respect to
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both space inversion and time reversal for the group of
proper rotations. Tensorial covariants of other parities
and for other magnetic point groups of the same Laue
class can then be obtained by the use of a simple con-
version table and of parity arguments. The scheme
is illustrated by an example from the Laue class D,.

1. Introduction

In the preceding paper (Kopsky, 1979) it has been
shown how to find tensorial covariants with the help of
standard tables of Clebsch—Gordan products (Kopsky,
1976a, b). Lists of tensorial covariants were also given
for the 32 crystal point groups and for tensors up to the
fourth rank describing nonmagnetic properties.

It is desirable, especially for the purposes of the
phenomenological phase transition theory, to know
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96 TENSORIAL COVARIANTS FOR MAGNETIC POINT GROUPS

tensorial covariants for the 122 magnetic point groups
and for tensors of properties connected with the
application of the external magnetic field. We can, of
course, perform the routine calculations in the same
way as before for each of the groups. The volume of the
work and of the tables will, however, substantially
increase.

The consideration of tensorial covariants can be
simplified to a great extent if we take the structure of
magnetic point groups and the relation between trans-
formation properties of various tensors into account.
The relationship between the equilibrium form of
tensors in correlation with the symmetry groups has
already been studied (Sirotin, 1962; Freeman &
Schmid, 1975; Kopsky, 1976¢). The theory of tensorial
covariants gives even better insight into the situation
than do these studies; while the equilibrium tensors are
unambiguously determined by the symmetry group, the
tensorial covariants also still depend on the choice of
REP’s (irreducible or physically irreducible repre-
sentations) with which we associate them. It appears
that the most natural choice of typical representations
also leads to the clearest relationship between
covariants for different groups belonging to the same
Laue classes. This paper describes the choice of REP’s,
elucidates the relation between covariants, and demon-
strates the simple scheme which arises by an example
from the Laue class D,.

In the following we use the Schoenflies notation for
magnetic classes (Dimmock & Wheeler, 1966) and the
international notation (Opechowski & Guccione, 1965)
with indices specifying the orientation of generators for
specifically oriented groups. Space inversion is denoted
by i, time reversal by e’, and their combination by i’
Special symbols are used for the three inversion groups:
I=C,—l={eil; E'=C;=1"={ee'};I'=Ci(C))
= 1" = {e,i"'}; and for the full inversion group E, = C;
= 11' = {e,i,e',i'}. The symbols SO(3), O(3) = SO(3)
x I, and 0'(3) = O(3) x E' = SO(3) x E, mean the
proper orthogonal group, the full orthogonal group,
and the general space—time rotation group [the last
term is taken from Opechowski (1974) (this paper is
also included in Freeman & Schmid, 1975)], which
contains all magnetic point groups (including
noncrystallographic ones).

2. The four kinds of tensors

In classical physics we distinguish four types of tensors
according to their parities with respect to space
inversion i and to time reversal e’. The simplest tensors
are the four scalars: the trivial or i-scalar, the i-pseudo-
scalar &, the c-scalar 7, and the c-pseudoscalar £7. Each
of the scalars is invariant under the proper rotation
group SO(3) and belongs to one of the four REP’s I'? of
the full inversion group E,, where v= +, —,and u =e,
m, denote the even and odd parities with respect to i

and e’ respectively. With reference to the group O’(3)
the scalars transform according to the four possible
scalar REP’s D7 = D©, I, where D@ is the scalar
(identity) REP of SO(3).

There are also four types of vectors: pseudovectors
p = X,¢€, ordinary vectors v = x,e, magnetic-type
vectors m = Xx,,; €, and current* (velocity)-type vectors
j = x;e,. Each of these four vectors forms a carrier
space L, for one of the four vector REP’s V} of the
group O’(3). Each of these REP’s assigns to the
element g € O'(3) an operator V2(g) or, using letters
instead of parity labels, P(g), V(g), M(g), and J(g),
which acts on the space L%, L3, L%,, and L3,
respectively. In appropriate complex bases, these are
the four vector REP’s D{V» = D™, I'» of the group
0’(3), derived from the vector REP D" of SO(3),
known from the theory of quantum angular momenta
(Lyubarskii, 1958). In Table 1 we give the REP’s I,
the symbols for scalar and vector quantities, and the
names of scalars and vectors according to Birss (1962,
1963, 1964) (these are used here).

A general tensor of rank k = k} + k; + k}, + ki, is
an element of direct product of direct powers of spaces
Lz, and we have to distinguish its partial ranks &}, k7,
k*, and k,, in pseudovector, vector, magnetic-vector,
and current-vector indices respectively. The space of
such tensors carries a representation A of the group
0O’(3) which assigns to each element g € O'(3) an
operator

Ag) = PK(g) ® VK (g) ® M¥(g) ® Jkn(g). (1)

Concerning the transformation properties, which are
our sole interest here, we can interpret a certain vector
of the four kinds as a pseudovector multiplied by a
corresponding scalar and the representation V% as the
representation P multiplied by I'%. Then we can rewrite
(1) as

Alg) = I7.P4(g), 2

I“z — (]‘:)k;+k;“(r’:)k;+k;,_ (3)

We shall, as in the preceding paper, work with
adjoint spaces. Then we can write for the transforma-
tion properties of components of a tensor u with partial
ranks k}, k;, k, and k,;:
Uiityoooiiddrdne e dig o Biby e i il by

~ Xpi, Xpiy - -+ Xpi - Xpj, Xpjy o0 X

where

v * Vi *

X, Xy X Xjt, Xty + -+ Xt -

ke 4k (YKL
~ (&) Hhm (T)fmt Xy Xy <o Xpiy - Xy, X, Xpj *

“

Pyt

X, Xphy -+ Xphes Xt Xpty +++ Xphz

* We mean here a time-reversible current which is not accom-
panied by entropy production. It can be physically interpreted as
the superconducting current. Tensors in which the current vector
indices are present appear naturally in our algebraic scheme but we
have to consider them as hypothetical since their physical meaning
is not yet quite clear (Ascher, 1966).
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Table 1. Irreducible representations of the full inversion group E, and vector representations of the general
space—time rotation group O'(3) = SO(3) X E,

Scalar Name of (Birss) Vector REP Birss name
REP e i e i’ quantity scalar of 0’(3) Name of vector of vector
ri 1 1 1 1 1 i-scalar P [D®4] pseudovector i-pseudovector
r; 1 -1 1 -1 € i-pseudoscalar v (D] vector (polar) i-vector
r; 1 l -1 -1 T c-scalar M [D{D+] magnetic vector c-pseudovector
r, 1 -1 —1 1 £T c-pseudoscalar J [DD-] current vector c-vector

where the symbol ~ means ‘transforms like’. The sym-
metrization or, as it is often called, the particulariz-
ation of tensor indices can be performed only within
those vector indices which belong to the same kind of
vector. With this in mind, we can rewrite (4) in a
simpler form

u; ~ (g)k;+k;,(l-)k;,+k;,. Vs (5)

where, to avoid unnecessary crowding of indices, we
collect them into one index i, which comprises many
vector indices and the symmetrization. Generally,
many tensors u on the left-hand sides of relations (4)
and (5) may correspond to the expressions on the right-
hand sides. Corresponding tensor spaces are, of course,
different but they are transformed in the same way by
all elements of the group O’(3) (and also by the
respective group of permutation of indices).

Relations (4) or (5) separate the transformation
properties of tensor u with respect to proper rotation
group SO(3) from its parities (transformation proper-
ties with respect to the full inversion group E,). The first
ones are wholly contained in the tensor v, while the
parities are defined by the product (g)fet#m(r)kntkn,
which is one of the four scalars. We shall say thatuis a
12 tensor if the parities belong to the REP I'; of E,. Evi-
dently, any tensor belongs to one of the four |54 types
Correlation of this parity nomenclature with the usual
nomenclature (where the adjective ‘axial’ and the prefix
‘pseudo’ are used on the same basis) and with a termi-
nology used in the Russian literature is given in Table 2.

Table 2. Correlation of tensor classifications

Birss
This paper A N
kth rank k even k odd Russian literature

13-tensor polar i-tensor axial i-tensor even-type tensor

1;-tensor axial i-tensor polar i-tensor electric-type
tensor

17 -tensor polar c-tensor  axial c-tensor magnetic-type
tensor

L -tensor axial c-tensor polar c-tensor  electromagnetic
tensor

3. Magnetic point groups belonging to the same Laue
class

Let G be a proper rotation group oriented in a certain
way with respect to the standard Cartesian frame of

reference. We say that a magnetic point group H
belongs to (oriented) Laue class G if, apart from
combinations with inversions i, e', i’, the group H
consists of the same rotations as G. The procedure of
constructing the classical groups from groups of proper
rotations (Altmann, 1963) and of magnetic point
groups from the classical ones [Shubnikov, 1951 (see
also Shubnikov & Belov, 1964); Tavger & Zaitsev,
1956; Opechowski & Guccione, 1965; Kopsky, 1976¢]
by the use of halving groups is well known and has
been discussed many times. Let us recall that
magnetic point groups derived in this way from a
certain classical group F are said to form a magnetic
family F (Opechowski & Guccione, 1965). We shall use
here the fact that each halving subgroup of a given
group is a kernel of an alternating REP, i.e. of the REP
which has characters +1 or —1 only; the halving
subgroup then corresponds to those elements which
have characters +1. The magnetic point groups
belonging to the Laue class of the group G can be
classified as follows.

(i) Groups isomorphous with G — the proper rotation
group. If I'_(G) is an alternating REP of G, then F_ =
KerI',(G) 4 G is a halving group of G. We can
construct a noncentrosymmetric group H, = F_ + i(G
— F_) by combining elements of the coset G — F_ with
space inversion. In the same way we can construct
other magnetic groups by combining the elements of
the coset with e’ or with /’. This will exhaust all
magnetic point groups isomorphous with G, if G has
only one alternating REP. If G has two such REP’s
I',(G) and I(G), then necessarily it also has a third
such REP I (G) =TI _(G).T, (G) It is easy to show that
the three correspondmg halvmg subgroups F, Fy , and
F, have a common halving subgroup (a quartermg
groupofG)F , =Fa NFynF,QF, FygF, (in fact,
Fapy i an mtersectlon of any two of the groups Fas Fio
F.). Factorizing G with respect to F

G=Fapv+Fl+F2+F3, 6)

where Fy =F, —F Fy=F —FopuFy=F, —Fopp
we can see that the groups isomorphous with G must

have the form:
= Faﬂv + ylFl + yZFZ + y3F3a (7)

where e,,,,7; form a subgroup of E, (y, are not
necessarily different). Each group (7) is unambigu-
ously characterized by two REP’s I'(G) and I, /,(G)
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in such way that the cosets G — F_, G — Fﬂ are, in the
resulting group H, combined with space inversion and
time reversal respectively. It should be noted- that
elements of the cosets are those which, in a given REP,
have the characters —1. Some of these groups thus
derived may belong to the same magnetic class — this
will occur if there is an automorphism of G which is
equivalent to the exchange of alternating REP’s (such
automorphism is necessarily an outer automorphism).
Magnetic groups with the same I',(G) but different
I p(G) consist, apart from combinations with e’, of the
same elements of O(3) and belong to the same magnetic
family H ..

(ii) Groups isomorphous with G, = G x I — the
centrosymmetric group. We distinguish here two kinds
of groups. (1) Groups of the magnetic family G,. These
are groups which can be obtained by combining
elements of a coset to a halving subgroup of G, with e'.
Again, each such halving group is a kernel of an
alternating REP of G,. (2) Paramagnetic groups. To
each classical group H, = F, + i(G — F) and particu-
larly also to the group G itself there corresponds a para-
magnetic group H =H_ x E’, isomorphous with G,. It
can be shown that by this are exhausted all groups of
the (oriented) Laue class G isomorphous with G,.

(iii) The centrosymmetric paramagnetic group
Gj, = G x E, has no isomorphs within Laue class G and
contains all groups of this class as its subgroups.

4. Tensorial covariants for groups of the same Laue
class

Let us suppose that we have calculated covariants of
tensor v from relations (4) or (5) for a proper rotation
group G. We want to find tensorial covariants of the
tensor u for all groups of the (oriented) Laue class G.
The form of these covariants depends on the orientation
of these groups which is given by the orientation of G
and on the choice of their typical representations. For a
given choice of the typical representation of G, the
covariants of v can be calculated by the use of
Clebsch—Gordan products. Below we show that a
certain, quite natural, choice of REP’s for the iso-
morphs of G leads to such simple relations between
covariants of tensors v and u that the latter can be
found almost immediately. The explanations will be
illustrated by an example from Laue class D, in which
we start from the proper rotation group oriented as
given by the symbol 4,2 2

x“xy*

4.1. Groups isomorphous with G

An example of a choice of a typical matrix
representation is given in Table 3 for the group 4,2,2, .
Each REP assigns to each element a matrix, but it is

sufficient to give only the matrices of generators. The

typical variables, written with symbols of REP’s trans-
form as follows:

4,x,=x, 4,X,=Xp 4,X3=—X3 4, x,=—X4

2. Xy =—X4;
®)

For groups isomorphous with G we use the following
convention: the REP’s of the same numerical label
assign to an element of a group H isomorphous with G
the same matrix as to its proper rotation part in the
group G. All groups isomorphous with the group
4,2,2,, are written in the first column of Table 4. We
shall obtain their typical representations according to
this convention if we replace, in Table 3, the generators
4, and 2, by those generators of a given group which
stand in the same place in the international symbol.
With such a choice, the covariants of tensor v will have
the same form for all groups isomorphous with G,
because v is insensitive to space inversion and time
reversal.

The tensor u differs from the tensor v only by a
factor (€)% **n(7)*=*k» which transforms as one of the

2, X, =Xp, 2,X,=—Xp 2,X3= X3,

4,(x5,¥5) = s —xg), 2,(x5y5) = (x5, —Yo).

Table 3. Typical representation of D, (4,2,2,,)

I(x,) 1 1
I'(xy) 1 -1
Iy(x,) -1 1
Ty(xy) -1 -1

Ry (7))

Table 4. Magnetic point groups isomorphous with D,
(4,2,2,,); REP’s corresponding to halving subgroups
and transformation properties of nontrivial scalars

Class

Group i e [ T £T

D, 4,2,2,, T, I X, X Xy
D(C) ::}22:\-22;}: ;l ;z X X2 X2
D D { z2ex“xy 1 3 xl X3 X3
AD) 4:2,2, T, I X, X4 X4
Cdv 42 mxmxy r2 rl xZ xl xZ
C,(C) :zm;m;y f} ;2 X, X, X,
LM, 2 3 X3 X3 X4

i i ROOR %D %
DZd 42 zxmx_v r} rl X3 X X3
D,4(S,) 4,2\m}, I r, X3 X, X4
D,(Dy)  4.2,m}, I I X3 X3 X,
D,(Cy,)  4.25my, I, T, X3 X4 X3
Dy, 4,m.2,, I, T, X4 Xy X4
D,4(S,) 4,m.2,, T, I, X4 X3 X3
Dy (Cp)  4im, 20, I, I X4 X3 X3
D, (D)) 4,m2,, T, I, X4 X4 X,
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typical variables belonging to a one-dimensional
(identity or alternating) REP of the group in question.
If this factor is the trivial scalar, then it transforms like
x, for all groups isomorphous with G; the covariants of
tensor u are the same for all these groups and have the
same form as the covariants of tensor v. Otherwise, the
factor is either ¢, 7 or their product et If, for a given
group, the space inversion is combined with elements of
the coset G — F to the subgroup F, = Ker I',(G), the
time reversal with elements of the coset G— F to the
subgroup F, = Ker I;(G), then, under this group,
transforms like x,, 7 f ke Xp and et like the product
X,X; ~ x,. For groups 1somorphous with 4, 2X2Xy we
glve the REP’s I', (G), T, (G) in columns under / and €',
the variables x_, Xps cf x, in columns under ¢, 7, and
etin Table 4.

The relationship between covariants of v and u can
be found from a simple conversion table which shows
how transformation properties of variables change
when multiplied by a variable x_,, belonging to an
alternating REP I (G). This conversion table is part of
the Clebsch—Gordan table and we give it for the groups
4,2,2,, as Table 5. The first row lists the typical
variables for the group, the first column the variables
belonging to alternating REP’s. On the intersection are
given the resulting typical variables.

Table 5. Conversion table

X1 X, X3 X4 (x5,5)
X2 X1 X4 X3 (s —xs)
X3 X4 X, X, (x5s~s)
X4 X3 X3 Xy Osxg)

4.2. Groups isomorphous with G,

Here it is suitable to choose the REP’s in a different
manner for groups of magnetic family G, and for the
paramagnetic isomorphs of G,.

4.2.1. Groups of magnetic family G,. The number of
REP’s of G, is twice that of G and we distinguish them
by parity labels + and —. If I' (G) assigns a matrix
D) (g) to an element ge G, then I'+(G) assigns this
matrix to both g and ig, while I~ (G) assigns this matrix
to g and its negative to ig. To an element g € G, there
corresponds, in a given magnetic group of the family
G, either g or g’ = ¢’g. For REP’s of magnetic groups
we use the following convention: the REP of the same
numerical and parity label assigns the same matrix to
an element g € G, as to the corresponding element g or
g’ of a magnetic group.

Then, if a certain set of linear combinations of
components of tensor v forms a I', covariant for the
group G, it evidently forms a I'Y covariant for all
groups of the magnetic family G,. The pseudoscalar
transforms like x; and accordingly the same set of
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linear combinations from components of a tensor &v
forms a I'; covariant for all groups of the magnetic
family G,. To find the transformation properties of v
and of erv, we have to recall that, for a given group of
the family, there exists an alternating REP I'3(G,) such
that the group is obtained from G, by combining with
e’ those elements of G, which have, in the REP I'}(G,),
characters —1. Hence 7 transforms, in the resulting
group, as x; and et as Xy Xg The changes in co-
variants can be again found by the use of the same
conversion table as before, taking additionally the
multiplication of parities into account. The groups of
magnetic family 4,/m,m m,, REP’s which correspond
to €', and typical variables which correspond to ¢, 7,
and ¢t are given in Table 6(a).

4.2.2. Paramagnetic groups. These groups are of the
form H' = H x E’, where H is a classical isomorph of
G. Here we choose first the REP’s of H in the same
manner as in §4.1, and for REP’s of H’ we use an addi-
tional parity label e or m, so that the REP I ,(H")
assigns the same matrix D@ (g) to g€ H and to g’ =
e'g, while I'_ (H’) assigns this matrix to g and its
negative to g'.

A set of linear combinations of components of tensor
v, which forms a I', covariant in G, then forms a I' ,
covariant in all these groups; 7 transforms like x,,, and
hence the same linear combinations of tvform aI'4,,
covariant for all these groups. If ¢ transforms like Xg 1N
H, then it transforms like x,, in H' and et transforms
like x4, in H'. The change of covariants can be again
found from the conversion table. This information for
paramagnetic noncentrosymmetric groups of the
(oriented) Laue class 4,2,2,  is collected in Table 6(b).

Table 6. Nonparamagnetic, noncentrosymmetric
paramagnetic and centrosymmetric paramagnetic point
groups

Class Group e £ T £T

(a) Nonparamagnetic point groups isomorphous with D,,
(4,/m,m.m,): REP’s corresponding to halving subgroups and
transformation properties of nontrivial scalars

D,, 4,/m,m.m,, I} X7 x; x7
D4 (Cap) 4 ;mzmxmxy Iy xy X3 X2
4/m,m.m Iy Xy x5 X3

Dp(D) { 4!/m,m’, mxy I‘:’ xi‘ xi* x:“
D (D)) 4 /m mxmxy Iy x; xr xy
D, (C,) 4m mm,, Iy X7 x5 xi
D,(D,,) {4/mmm Iy X7 X7 x3}
s 4/mim.m ry Xy X7 x}

(b) Noncentrosymmetric paramagnetic groups

D; 412x2xy xle xlm xlm
Ci, 4,m.m,, 1’ X5e Xim Xom
Dlzd {jzzx';xyll X3¢ Xim X3m

My lyy Xse Xim Xam

(c) Centrosymmetric paramagnetic group D), (4,/m,m, m,,.1'):
transformation properties of nontrivial scalars

’ - + -
Ddh 4z/mzmxmxy' I Xle Xim Xim
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4.3. The centrosymmetric paramagnetic group G
G x E,

To each REP I' (G) there correspond four REP’s
I (Gy = I,(G).I:(E,). Accordingly, if a certain set
of linear combinations of v forms a I', covariant in G,
then it forms a I'f, covariant in G} and the same
combinations of ¢v, v, and ezv form the I, I'},, and
I, covariants in G}, respectively, as indicated in Table
6(c).

Corollary: It is sufficient to know tensorial covariants
of tensors v with only pseudovector indices for the
proper rotation group in order to find tensorial
covariants of tensors u, related to v by (4) or (5), for
all magnetic point groups of the (oriented) Laue class
defined by this group. Tables analogous to Tables 4, 5,
and 6 are easily found. Covariants of tensors v up to
the fourth rank can be rewritten from the lists of the
preceding paper. I shall finish with an illustrative
example.

5. An example

In Table 7 are given some tensorial covariants of parity
13 for the group 4,2,2, .. Notation: p, p,, p; are the
components of the pseudovector; the u;, in the usual
abbreviated notation u, = u, ., Uy = Uy, Uy = U,,, U, =
2uy,, Us = Uy, Ug = 2U,, Tepresent the symmetric
second-rank tensor which transforms like (1/2) (p;p} +
D.Ph); the antisymmetric second-rank tensor is repre-
sented by the psuedovector itself, because p; trans-
forms like ¢;;,p ;p}, Where &, is the Levi-Civita tensor,
so that p,, p,, p, transform like (p,p} — pypY), (P10} —
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), (p,py — pop)) respectively; finally, J;; means the
tensor which transforms like pu; (i = 1,2,3; j =
1,2,3,4,5,6). These covariants can be simply rewritten
from the list of covariants for the group 4,2,2 ., of the
preceding paper, because, in this group, vector and
pseudovector, tensor J;; and piezoelectric tensor d;;
have the same covariants and u is the same in both
cases.

From Table 7 and by the use of Tables 4, 5, and 6 we
can now deduce the tensorial covariants of: polariza-
tion P ~ &p, magnetization M ~ tp, current vector j ~
€Tp, gyration tensor g ~ €u, symmetric u$ ~ &ru and
antisymmetric p? ~ &rp parts of the magnetoelectric
tensor M, piezoelectric tensor d ~ €3, piezomagnetic
tensor ®# ~ 10, and such hypothetical tensors as
magnetoconductivity eu@® ¢p, electroconductivity
Tu @ 7p or piezoconductivity £td (Ascher, 1966), for all
groups of the (oriented) Laue class 4,2.2 ..

Let us, for example, consider the symmetric and anti-
symmetric parts of the magnetoelectric tensor p. The
first row of Table 8 gives the covariants of p for all
those groups in which er transforms like x,, i.e. for
groups 4,2.2 ., 4, mm., 4.2 m,, and 4 m2,.. If the
covariants are additionally supplied with parity labels
—, +, m, and 1, they will be relevant to groups
4,/m.m.m., 4. /m,m.m,, 4,221, and
4,/m,m.m.1" respectively. The second, third and
fourth rows are reorganized according to conversion
rules as if the covariants are multiplied by x,, x;, and x,
respectively. Accordingly, the second row gives the co-
variants for those groups for which et transforms like
x, ie for groups 4,2.2\, 4,mm,., 42.m., and
4'mp2!, as well as for groups 4,/mmym,
4,/mmm,, and 4,m m ]1', where the covariants
have to be supplied with parity labels —, +, and m re-

Table 7. Covariants of some 1} tensors for Laue class D,(4,2,2,)

rl(xl) r2(x2) I}(x;) r4(x4) R(sl)(xsays)
Ps (PP
Uy + Uy Uy Uy —u Ug (4o —ts)
514 - 525 531 + 532'533 631 - 632 (5“, 522) (5”, 511) (5|3a 523)
15+ 924 14 + Oy5 Oy 815 — Oa4 (626,619 (335,630
Table 8. Covariants of the magnetoelectricity tensor
Ii(x) Iy(xy) I(xy) T(xy) RP(x5,5)
x K _ )
! uy+ a5 u = g Wi, —u5)
: HUHE M ] (w5
x s s s ﬂ; (#;‘7_#;)
: u— g o5+ usps wgu3)
X u (el ut)
¢ “ uf—us M+ W3, —uf)
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spectively. Analogously, the third and fourth rows give
the covariants for those groups in which &7 transforms
like x; or x,, without or with parity labels.
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Abstract

The joint probability distribution of all structure factors
Ey  (,j=0,...,m)inan (m + 1) x (m + 1) Karle-
Hauptman matrix is derived for structures in the space
group Pl.

Introduction

The joint probability distribution of the normalized
structure factors Ep,_y,, En—n,-..and Ey, _ _n,
where hg,..., h,,_, are fixed and h,, is the primitive
random variable leads via the conditional joint prob-
ability distribution of the phases ¢n,—n,, .-+ @n,_,—h,
to the maximum-determinant rule for phase determina-
tion: the most probable values for the phases ¢n,—p,,
--+s ®n,_,—h, are those for which the determinant of the
Karle-Hauptman matrix (Karle & Hauptman, 1950)
with last column Ey _y, , ..., En,_,—n,» E, takes on its
maximum value (de Rango, 1969; Tsoucaris, 1970).
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T Present address: Koninklijke/Shell-laboratorium, Badhuisweg
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The distribution of only one structure factor, say
Ep,p,, is obtained by fixing the magnitudes and phases
of Ep_ny-esEn,_,—n,- The maximum of this
distribution gives the most probable value for Ep, 4,
expressed in (i) the Ey,—p (i = 1, ..., m — 1) and (ii)
the remaining structure factors in the Karle—-Hauptman
matrix (de Rango, 1969; Tsoucaris, 1970). From a
probabilistic point of view the structure factors (i) and
(iiy are of a different nature since for (i) the E h—h, are
fixed but the reciprocal-lattice vectors h; — h,, are not,
while for (ii) the reciprocal-lattice vectors are fixed.

We shall show that it is possible to treat all structure
factors in the same way. For structures in space group
P1 we shall derive the joint probability distribution of
all structure factors Ey,_p, in a Karle~Hauptman
matrix, where all h;, h; are primitive random variables.
Two different routes will be followed. The first is
straightforward and does not resort to any previous
work on determinants. The second involves conditional
joint probability distributions and shows both the
similarities and differences from the earlier probability
calculations that led to the maximum-determinant rule.

As will be shown in the following paper the joint
probability distribution of all structure factors in a
Karle-Hauptman matrix leads to new functions whose
maxima correspond with the most probable values for
structure-factor phases.
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